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A Modified Hidden Semi-Markov Model For Traffic 
Related Pm10 Pollution Levels Estimation 
 
Abstract Traffic related PM10 (particulate matter with less than 10 
microns) pollution exposure leads to different types of diseases e.g., 
lung function changes, heart rate variability, immune cell responses 
and asthma attacks. New investigations confirmed a massive increase 
in particulate matter of central congested urban areas in Tehran 
metropolitan which exceeds the standards of Environmental 
Protection Agency (EPA, 150 μg/m3) and World Health Organization 
(WHO, 20 μg/m3 annual mean and 50 μg/m3 24-hour mean). Long 
term continuous real-time monitoring of air quality at these areas is 
essential but is not possible due to financial and operational 
constraints. Hence, using an alternative tool is important to ensure 
compliance with the standards and also provides a choice for 
commuters to reduce their unnecessary trips in contaminated areas 
across the city. In this study, a stochastic framework is developed 
based on a Hidden Semi-Markov model (HSMM) to predict the state 
of PM10 particulates. Our proposed HSMM model predicts PM10 
concentration for the next day, based on PM10 levels in previous days. 
The result of simulation shows the proposed technique achieves good 
accuracy in estimation of PM10. It also indicates that the model can be 
used for one-day ahead forecast to alert individuals in the study area 
which is particularly useful in situations where the information on 
external variables such as traffic volume is not available.  
 
 
Key Words: Stochastic models, Traffic related PM10 pollution, 
Hidden Semi-Markov 
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1. INTRODUCTION 
 
PM10 is considered as a major air pollutant in metropolitan area. This 
pollution is commonly associated with combustion sources including 
traffic, industry and domestic heating (1-4). Recent studies showed 
that PM10 is responsible for a number of diseases such as respiratory 
diseases and well-correlated with daily deaths and hospitalisations. 
(5-15). Kunzli et al. (9), investigate the effect of traffic related PM10 
on the human health such as long term mortality, respiratory and 
cardiovascular diseases at European countries. They showed that life 
expectancy is shortened by about 6 months per 10 μg/m3 increment in 
PM10.  

Thus, a real time PM10 monitoring is essential to detect the 
exceedances of alarm and attention thresholds. However, when real-
time monitoring of air quality is not possible due to financial and 
operational constraints, predicting PM10 concentration base on 
mathematical/statistical models allows preventative action to be taken 
in advance if the pollutant levels are in danger. These methods can be 
used as an important tool for policy makers and epidemiologists to 
find appropriate strategies for reducing PM10 exposure.  
Many attempts have been made to model PM10 through the use of 
meteorological data (16, 17). In most cases, the experimental models 
(e.g., Neural network, multi-variable regression analysis) are used to 
estimate PM10 variations. For example, there are numerous 
publications about regression analysis and ANN-based PM10 
modelling, e.g., Sousa et al. (18), Corani (19), Perez and Reyes (20) 
and Lu et al. (21). However, the ability of ANN models for PM10 
prediction depends on proper selection of network structure as well as 
the length of training data, which may not always available. Also, the 
regression models are developed assuming normally distributed data 
and may not perform well for highly non-linear problems (22). 
Furthermore, both ANN and Regression methods are the 
deterministic models which cannot be used for the risk analysis of 
PM10 exposure.  

As an appropriate alternative, the hidden Markov model 
(HMM) has become increasingly popular and quite effective in some 
applications such as predicting the short term variation of air 
pollution indices. It has a flexible mathematical structure that can be 

http://www.sciencedirect.com/science/article/pii/S1352231007001343#bib96
http://www.sciencedirect.com/science/article/pii/S1352231005006370#bib43
http://www.sciencedirect.com/science/article/pii/S1352231001003612#BIB9
http://www.sciencedirect.com/science/article/pii/S0140673600026532#bib3
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applied easily for stochastic simulation of real world problems (23, 
24, 25). Furthermore, it is considered as a conceptual model that 
makes easy to interpretation (23). However, there is some limitations 
associated with the HMM approach. The Markov process is 
considered as a short memory process. In the case of short memory 
process, the current state of the system only depends to the previous 
state. As a result, the prediction accuracy maybe decreases in the case 
of long term prediction. To resolve this problem a Hidden Semi-
Markov model (HSMM) can be considered for analysis. The 
difference between HMM and HSMM structures is related to a 
temporal component that is added to the HSMM structure (26, 27, 
28). In HSMM, the probability of next state of system depends on 
amount of time that has elapse since the current state. 

In this study, we present the Hidden Semi-Markov Model 
(HSMM) of PM10 pollution, which is a stochastic model. In the 
following sections, the theoretical basis of the Semi-Markov 
modelling is presented and a general framework is developed for 
PM10 modelling. Then, results of using the proposed model for a real 
case study are presented. Finally, a number of statistical indices are 
used to demonstrate the capability of proposed model. 
 
2. THEORY AND METHOD 
 
Following, the mathematical structure of Markov model and the 
details of proposed HSMM model for PM10 simulation are presented.  
 
2.1 HMM Structure (A Brief Description) 
 
A HMM can be presented using a number of parameters, i.e., π, A, B 
as follows (25).  

 𝜆 = (𝜋,𝐴,𝐵)  (1) 

a) The transition probability distribution function (A) which is 
presented as   

A={aij}     (2) 
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𝑎𝑖𝑖 = 𝑃(𝑆𝑡+1 = 𝑗|𝑆𝑡 = 𝑖),     1 ≤ 𝑖, 𝑗 ≤ 𝑁 (3) 

where St and St+1 are the states of the system at times t and t+1, 
respectively, and 𝑃(𝑆𝑡+1 = 𝑗|𝑆𝑡 = 𝑖) is the conditional probability. 

b) The probability distribution function of observations at each state 
of the system is shown as: 

𝐵 = {𝑏𝑖(𝑘)} (4) 

𝑏𝑖(𝑘) = 𝑃(𝜈𝑘|𝑆𝑘 = 𝑖),    1 ≤ 𝑖 ≤ 𝑁, 1 ≤ 𝑘 ≤ 𝑀 (5) 

where 𝜈𝑘 is an element of the vector of observation values,  

V= { v1 , v2 ,…. , vm },  

N is the number of states in the model, and M is the number of 
observations at each state of the system. 

c) The initial probability value of each state assuming a probability 
distribution function of 𝜋 = {𝜋𝑗}  is represented as: 

𝜋𝑖 = 𝑃[𝑆1 = 𝑖],        1 ≤ 𝑖 ≤ 𝑁  (6) 

Furthermore the probability of the event of staying in sate i for 
exactly d time units should be determined for the HMM modelling 
(P(d)). Considering the Markovian assumption, P(d) can be 
determined using the state transition probability distribution function 
as follows: 

𝑃𝑖(𝑑) = 𝑎𝑖𝑖𝑑−1(1 − 𝑎𝑖𝑖)  (7) 

where aii is the self-loop probability of state i. 
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2.2 Semi-Hidden Markov Model 
 
A HSMM model can be presented as follows: 

𝜆 = (𝜋,𝐴,𝐵,𝐷)  (8) 

where D is the state duration distribution. Figure 1 shows the 
definition of parameters for HSMM model. As indicated in Figure 1 
state duration distribution is determined based on the transition 
probability between two states. The transition between two states is 
defined using the Markov process as follows:  

𝑃 = �𝑆𝑞𝑞 = 𝑗�𝑆𝑞𝑞−1 = 𝑖� = 𝑎𝑖𝑖  (10) 
where i and j are the states of system at segment r (Figure 2). 
Opposed to single observation in a state of HMM, a state in a HSMM 
generates a segment of observations, i.e., Oi={O1,..,ON}. Figure 2 
shows the relation between segment and states in a HSMM model. 
                                                   
                                                 λ= (π, A, B, D) 

 
 

FIGURE 1 HSMM model parameter definition 
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FIGURE 2 Comparing HSMM and HMM model for states 

and segments 

 
Dong et al. (22) developed a Trial and error procedure to 

estimate the parameters of HSMM model. Their proposed method 
uses a forward backward algorithm to estimate the values of 
parameters. This method is used to estimate the model parameter in 
this study. Following, a forward-backward algorithm (22) which 
developed for PM10 prediction is introduced.  

 
 
 

2.3 HSMM Parameter Estimation (a Forward-Backward 
Algorithm) for PM10 Index   
 
For this purpose, two different levels of PM10 were considered as the 
system states in the current study, i.e., 0-150 µg/m3 and above 150 
µg/m3. Then, a HSMM model is developed for each individual state. 
The model parameters are estimated for each model according to the 
value of highest log-likelihood (i.e. the probability of the observation 
sequence given a HSMM model). Then, the next PM10 state is 
selected by comparing the highest log-likelihood of each HSMM 
function.  The likelihood function is: 

𝑃(𝑂𝑠|λ) = ∑ 𝛼𝑇(𝑖)𝑁
𝑖=1   (11) 

a) HSMM  

Time units 1,…,q1 q1 +1,…, q2 … R 

Observations 
1

,...,1 qoo  
21

,...,1 qq oo +  … 
RR qq oo ,...,1

1
+

−
 

States 
1

,...,1 qss  
21

,...,1 qq ss +  … 
RR qq ss ,...,1

1
+

−
 

Segments 1 2 … R 
  
  
  

b) HMM 

Time units 1  2  …  R  
Observations O1  O2  …  OR  
States S1  S2  …  SR  
Segments 1  2  …  R  

  

Time 
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where N is the number of states and i is the state number. αT is also 
estimated as follows: 

𝛼𝑇(𝑗) = ∑ ∑ 𝛼𝑡−𝑑(𝑖)𝑎𝑖𝑖𝑃(𝑑|𝑗)∏ 𝑏𝑗(𝑜𝑠)𝑡
𝑠=𝑡−𝑑+1

𝐷
𝑑=1

𝑁
𝑖=1  (12) 

where D is the maximum retention time at each state, N is the 
maximum number of states, aij is the state transition probability 
matrix and can be determined using Eq 10. The probability of staying 
in state i for exactly d time steps, P(d),  also can be determined using 
Eq 7, and 𝑏𝑗(𝑜𝑠) is the observation multivariable probability 
distribution which is considered as Normal distribution in the current 
research work. 𝛼𝑡−𝑑(𝑖) should be estimated using a forward-
backward method (22). Following the forward algorithm is discussed.  

 
2.3.1 Forward-Backward Estimation of 𝛼𝑡 
 
Considering the following steps 𝛼𝑡 is estimated at two-state variable 
case.  

1- At t=0, the value of αt=0 can be estimated as: 

𝛼𝑡=0(𝑖) = �1, if   𝑖 = "START",            
0,    otherwise.                      �  (13) 

2- At the second step, 𝛼𝑡́ is determined at time j using Eq 14: 

𝛼𝑡́(𝑗) = ∑ ∑ 𝑃(𝑑 = 𝑡́ − 𝑡|𝑗)𝛼𝑡,𝑡́(𝑖, 𝑗)𝐷
𝑑=1

𝑁
𝑖=1   (14) 

where 𝑡́=t+d, and d is the retention time at state i, 𝛼𝑡,𝑡́(𝑖, 𝑗) can be 
determined as follows: 

𝛼𝑡,𝑡́(𝑖, 𝑗) = 𝛼𝑡(𝑖)𝑎𝑖𝑖∅𝑡,𝑡́(𝑖, 𝑗)  (15) 

∅𝑡,𝑡́(𝑖, 𝑗) =
∑ �𝑃(𝑑 = 𝑡́ − 𝑡|𝑗).𝑃�𝑂𝑡+1𝑡́ �𝑡 = 𝑞𝑛, 𝑠𝑡 = 𝑖, 𝑡́ = 𝑞𝑛+1, 𝑠𝑡́ = 𝑗, λ��𝐷
𝑑=1 (16) 

where 𝑃�𝑂𝑡+1𝑡́ �… � is the likelihood value that should be estimated 
using Eq 11. For example for t=0, assuming d=1, we have: 

𝑃�𝑂1�𝑡 = 0, 𝑆 = 𝑖, 𝑡 = 1,́ 𝑆𝑡́ = 𝑗, λ �  (17) 
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Eq 17 can be represented as follows: 

𝑃(𝑂1|λ ) = ∑ 𝛼𝑡(𝑖) = ∑ 𝛼0(𝑖) =2
𝑖=1

𝑁
𝑖=1 𝛼0(1) + 𝛼0(2)  (18) 

Considering Eq 13, the right hand side of Eq 18 can be 
determined. A similar procedure can be used to estimate the 
maximum likelihood for each segment of observations. Similar 
procedure can be follow up for backward estimation of parameters. 
More discussion about the backward procedure can be found in Dong 
et al. (22). 
 
 
2.4 Study area 
 
Tehran Metropolitan area is located at the center of Iran with a 
population of 8 Million people. Recent investigations show that PM10 
levels have regularly exceeded critical limit values in Tehran. The 
Iranian environmental protection agency was the organization 
charged with collecting the air pollution data (e.g., PM10) through a 
few air quality monitoring stations (five stations) in central and 
southern Tehran. Azadi square is a major urban arterial in the center 
of Tehran and the air quality monitoring site was located near a six-
lane highway which is a major road for moving from West to East of 
Tehran (Figure 3). There is also another three-lane-two-way highway 
line running close to this monitoring site with an approximate south-
west to north-east orientation. In this study, PM10 data from Azadi 
traffic site is collected and used (Figure 3). The data consisted of 
daily mean values gathered during a 5-year time span between Jan 
2005 and Dec 2010. PM10 mass concentrations (measured in µg/m3) 
were recorded using Beta Ray attenuation gauging method (APDA-
370 Ambient Dust Monitor, HORIBA, Japan). The length of data that 
is collected and used in this study is presented in Table 1.   
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FIGURE 3 Location map for air quality monitoring station in 

Tehran 

 
TABLE 1 The Length of Data Which is Used to Parameter 

Estimation and Validation 
Season  

Winter Fall Summer Spring Data record length 

351 251 296 339 Parameter estimation 

21 21 101 21 Validation 
 
3. RESULTS AND DISCUSSION 

 
In this study, four seasonal HSMM models are developed to estimate 
the daily PM10 concentration in Tehran metropolitan. The parameters 
of seasonal models are estimated using the forward-backward 
algorithm (see section 2.3.1). For this purpose, two states are 
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considered for the PM10 concentration, i.e., 0-150 µg/m3, and above 
150 µg/m3. The second state may lead to increase different types of 
diseases e.g., Lung function changes, heart rate variability responses, 
immune cell responses, Asthma attacks and dead in the critical 
conditions. As stated earlier, an individual HSMM model should be 
developed for each PM10 state. The maximum log-likelihood (i.e. the 
probability of an observation sequence given a HSMM model) is 
estimated for each model using Eq. 11. Then, the next state is 
predicted by comparing the value of highest log-likelihoods as 
presented in Figure 4. As indicated in Figure 4, each main state of the 
proposed model (i.e., Critical and sub-critical levels) has two sub-
states, called sates 1 and 2.   

 

 
FIGURE 4 The overall structure of HSMM model for daily 

estimation of PM10 
 
Tables 2 and 3 show the estimated and initial parameters for the 
models which developed for critical and sub-critical PM10 levels. As 
presented in Tables 2 and 3, the probability of occurrence a day with 
a critical level of pollution, 𝑃(𝑆 = 𝑆1|𝑑 = 1), is higher for spring 
season as a comparison with other seasons. However, in the case of 
sub-critical model, this probability is equal for all seasons. 𝑃(𝑆|𝑑) 
also decreases with duration for both critical and sub-critical models. 
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TABLE 2 Model Parameters for Critical State (More than 150 µg/m3) 

 
 
 

Variable Duration Substate 
Season 

spring summer fall winter 

P 

1 
S1 0.85 0.32 0.27 0.13 
S2 0.08 0.17 0.11 0.05 

2 
S1 0.12 0.22 0.20 0.11 
S2 0.08 0.14 0.10 0.05 

3 
S1 0.01 0.15 0.14 0.10 
S2 0.07 0.12 0.08 0.05 

4* S1 0.002 0.10 0.10 0.08 
S2 0.06 0.09 0.08 0.04 

D   50 50 50 50 

PAI 
 S1 0.5 0.5 0.5 0.5 
 S2 0.5 0.5 0.5 0.5 

K   75 129 61 121 
Lambda   343.45 274.1 337.85 457.65 

M   2 2 2 2 

A 
   












91.008.0
85.014.0

 















82.017.0
32.067.0

 















88.011.0
27.072.0

 















94.005.0
13.086.0

 
Maximum 
Likelihood   -8.79 -61.45 -23.38 -45.67 

 

P: Probability distribution function for each state  
D: maximum duration of each state  
PAI:The initial  occurrence probability value for each state 
Lambda: The separation (breakdown) level between two substate 
K: Number of data which is used for parameter estimation  
M: Number of substates in each state  
A: State transition probability matrix 
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TABLE 3 Model Parameters for Sub-Critical State (Less than 150 µg/m3 ) 

 
 

Variable Duration Substate 
Season 

spring summer fall winter 

P 

1 
S1 0.32 0.28 0.37 0.37 
S2 0.07 0.01 0.04 0.10 

2 
S1 0.21 0.20 0.23 0.23 
S2 0.07 0.01 0.04 0.09 

3 
S1 0.14 0.14 0.14 0.14 
S2 0.06 0.01 0.04 0.08 

4 
S1 0.09 0.10 0.09 0.09 
S2 0.06 0.01 0.04 0.07 

D   50 50 50 50 

PAI 
 S1 0.5 0.5 0.5 0.5 
 S2 0.5 0.5 0.5 0.5 

K   226 124 156 187 
Lambda   74.65 74.75 73.25 74.70 

M   2 2 2 2 

A 
   














92.007.0
32.067.0

 















98.001.0
28.071.0

 















95.004.0
37.062.0

 















94.005.0
13.086.0

 
Maximum Likelihood  -58.36 -13.55 -22.50 -55.79 
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Figures 5 to 8 show the daily observed and simulated states of pollution (PM10) at each season in Azadi square. 
In these figures, y-axes present the state of pollution (1 and 2 for sub-critical and critical states). As indicated 
in these figures, the predictions are compared well with observations for all seasonal models. It also shows a 
dramatic increase of pollutants emission in summer that is mainly due to the highest traffic volume in Azadi 
square during the summer.  

 
FIGURE 5 The results of PM10 level prediction in spring 
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 FIGURE 6 The results of PM10 level prediction in summer 
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FIGURE 7 The results of PM10 level prediction in fall 
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FIGURE 8 The results of PM10 level prediction in winter 
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Also, an index, called precision index (PI) is used to compare the 
daily observed and simulated states of pollution: 

∑

∑

=

=

−
×−= n

i
i

n

i
ii

S

SSAbs
PI

1

1

* )(
100100  (19) 

where si
* and si are the daily simulated and observed states of 

pollution. The value of precision index varies between 0 which 
reflects complete difference and 100% which indicates complete 
equality. Table 4 shows the results for precision index. As indicated 
in this table the predicted states compared well with those obtained 
from measurements. This table also shows the precent of days per 
year that PM10 concentration is higher than a critical level of 
pollution. As indicated, summer has the highest level of exposure and 
model works well for this season. 
 

Table 4 PI index for simulated PM10 Level 

Precision (%)  

Winter fall summer spring  

75 75 84 85 Semi-Markov   
36.7 25.5 45.6 23 PM10 exposure (%) 

 
4. SUMMARY AND CONCLUSION 
 
Traffic-based PM10 pollution has been a major concern in Tehran for 
recent years. In this study, the hidden semi-Markov model (HSMM) 
is used to predict the state of PM10 exposure. The proposed model 
predicts the state of pollution one day before, based on PM10 level in 
the previous day at each season of year. The capability of model for 
PM10 prediction was checked in Tehran metropolitan area. The results 
showed that the modelling outputs are compared well with observed 
values.  
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It was also indicated that the proposed model can be used as an 
appropriate tool for one-day ahead alert program in metropolitan 
areas. It provides a choice for commuters to reduce their unnecessary 
trips in contaminated areas across the city. 
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